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Abstrat
We propose a onrete appliation of the Atiyah-Singer index formula in
moleular physis, giving the exat number of levels in energy bands, in terms
of vetor bundles topology. The formation of topologially oupled bands is
demonstrated. This phenomenon is expeted to be present in many quantum
systems.
PACS: 03.65.Vf; 02.40.-k; 31.15.Gy; 33.20.Wr
Key-Words: Born-Oppenheimer approximation; Moleular spetra; Vetor bun-
dles; Index formula; Semi-lassial analysis;
1 Introdution
Moleular spetra of small moleules possess thousands of energy levels whih are
known with high preision and haraterize the dynamial behavior of nulei and
eletrons in very ne details. Thus a qualitative approah may be useful in front of
the huge omplexity of the spetrum [1, 2, 3℄. Due to symmetries of dierent origins,
the energy levels are often regrouped together in multiplets with quasi-degeneraies,
forming so alled energy bands. In terms of dynamis, the ne struture of the bands
reets a slow motion, whereas the oarser repartition of dierent energy bands is
related to a faster motion. These two motions an be strongly oupled together.
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Several typial moleular examples an be suggested to illustrate the presene of
suh a band struture and the evolution of this band struture with the variation
of external parameters.
i) Vibrational struture of dierent eletroni states. The existene of a ne
vibrational struture assoiated with dierent eletroni states is the standard on-
sequene of the Born-Oppenheimer (adiabati) separation of eletroni and nulear
variables in moleules based on the smallness of the ratio (me/Mn)
1/4 ∼ 1/10 (here
me and Mn are the eletron mass and the typial mass of nulei) [4℄.
ii) Rotational struture of dierent vibrational states. The rotational exitations
are typially smaller than the vibrational ones. The quantum spetrum has a ne
rotational band struture assoiated with a more rude vibrational struture. The
absolute value J of the angular momentum is a strit integral of motion for an
isolated moleule, and an be used as a natural parameter to analyze the evolution
of rotational bands [2, 3℄.
iii) A more sophistiated example onsidered in this paper arises for systems
whih possess vibration modes with (quasi)-degenerate frequenies. Suh a situa-
tion typially takes plae in problems with symmetry. The desription of the degen-
erate vibrations in the harmoni osillator approximation gives an energy spetrum
formed by degenerated energy levels, the so alled polyads. Eah polyad is har-
aterized by the total number of vibrational quanta N , it ontains. In systems
where these vibrational modes are oupled with eletroni states, one obtains an
eletroni-vibrational (vibroni) band struture. A typial question is the evolution
of this vibroni band struture with N [5, 6℄ and its persistene (or reorganization)
as a funtion of external physial parameters.
In all these previous examples, when an external parameter is varied, along with
modiations of the internal struture of eah isolated band, one observes more
serious modiations of the global band strutures [7, 8, 9, 10, 11℄. Sometimes
two bands ome in ontat. During this ontat, a ertain number of levels pass
from one band to the other, resulting in a redistribution of levels between bands.
These qualitative phenomena reet band struture properties whih are robust
under modiation of parameters, exept for abrupt struture hanges, and suggest
a topologial desription. One expets a haraterization of eah band whih would
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give the preise number of levels it ontains, and would predit the possible band
hange of struture under an external parameter variation. Suh a haraterization
has been done for rotational bands in [12, 13℄. It has been shown that an integer
topologial Chern index an be attributed to eah individual rotational band and
a generi modiation of the band strutures is related to the exhange of one
energy level between two onseutive bands. The presene of symmetry leads to
more ompliated redistribution of energy levels between bands. The purpose of
the present paper is to desribe a new qualitative phenomenon related with the
formation of topologially oupled bands.
The mathematial approah whih we need to haraterize these qualitative
modiations is a semi-lassial analysis within the Born-Oppenheimer approxima-
tion and topologial analysis of vetor bundles. Preise mathematial theories are
developed in [14, 15, 16℄.
For rotational bands, the topologial phenomena are quite simple due to the
fat that the slow rotational motion has one degree of freedom, and takes plae on
a two dimensional sphere [12, 13℄. We present now a more interesting example both
from the physial and mathematial point of view, where the slow motion omes
from moleular vibrations and has two degrees of freedom (a four dimensional phase
spae).
2 Semi-quantum model with CP
2
lassial phase
spae
We rst onsider three vibrations with the same frequeny (1:1:1 resonane) de-
sribed by
Hvib =
∑
k=1,2,3
1
2
(
p2k + q
2
k
)
=
∑
k=1,2,3
|Zk|2 , (1)
where a omplex notation Zk = (qk + ipk) /
√
2 is used. The time evolution of a point
Z = (Z1, Z2, Z3) in phase spae C
3
is given by a phase fator: Z(t) = exp (−it)Z(0).
The family of (losed) trajetories of a given energy, say E = 1, forms a four
dimensional phase spae [4 = 6−1(energy)−1(time)℄ whih is a redued phase spae
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from the lassial mehanis point of view. This spae is known in mathematis as
the omplex projetive spae and noted CP 2 = P (C3): a point in CP 2 orresponds
to a given losed trajetory of energy E and will be noted by [Z] in the sequel. The
orresponding quantum Hamiltonian Hˆvib =
∑
k=1,2,3 a
+
k ak + 3/2 is obtained by
replaing Zk, Zk by operators ak, a
+
k respetively. A given energy level is thus an
integer N plus 3/2, and this level is degenerated with multipliity
N0 = (N + 1) (N + 2) /2.
The assoiated eigenspae Hpolyad = CN0 is alled the polyad N , and orresponds
to the lassial phase spae CP 2 [17℄.
Let us now onsider a more ompliated system where the previous degenerated
vibrations are oupled with additional degrees of freedom. An expliit model will be
given in the next setion. We rst disuss physial situations in moleular physis
whih motivate this model.
Suppose that these additional degrees of freedom have muh higher energy ex-
itations, whih an be related, for example, to eletroni exitation, or to another
vibrational exitation with higher frequeny. Due to this higher sale of energy, it
is suient to take into aount only nite (and rather low in fat) number of quan-
tum states of this seond subsystem, alled the fast subsystem. In the absene of
quasi-degeneraies in the fast subsystem one state should be suient, but in the
ase of the presene of degeneraies or quasi-degeneraies we should naturally treat
together all the quasi-degenerate quantum levels.
Suh a situation takes plae, for example, for the dynami Jahn-Teller eet of
type F − f [18℄, whih desribes the oupling of the triply degenerate vibrational
modes, with a multiplet of triply degenerate eletroni states. Although in the
standard treatment of Jahn-Teller eet the oupling between vibrational states
from dierent polyads is expliitly taken into aount [18, 19, 20℄, in the limit of
weak Jahn-Teller oupling, the restrition to the eetive model for an isolated
polyad is quite natural [21, 22℄. We deal with this eetive model here.
Another similar and natural example is the vibrational struture of ombination
bands ν3 + Nν4 in tetrahedral AB4 type moleules. Due to tetrahedral symmetry
both vibrational modes ν3 and ν4 are triply degenerate. The ν3 frequeny whih is
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mainly due to A-B strething vibrations is typially higher than the ν4 frequeny,
assoiated with bending. In the absene of resonane between ν3 and ν4 we an
treat the ombination band ν3 + Nν4 as formed by three bands assoiated with
three quantum states orresponding to one quantum exitation of triply degenerate
ν3 mode. Eah of these quantum states is assoiated with the sequene of vibrational
polyads formed by ν4 overtones.
In both ases, purely vibrational and Jahn-Teller, the mathematial model an
be formalized in the same way. We onsider the oupling of three quantum states
with vibrational polyads formed by triply (quasi)degenerate modes. We assoiate
the three quantum states with the high-frequeny motion (it is the fast subsystem)
and vibrational polyads with low-frequeny motion (it is the slow subsystem).
To simplify the language we will speak about fast subsystem as eletroni and
about slow subsystem as vibrational. The general struture of this model an be
desribed as semi-quantum model. The notion semi-quantum used in some of
earlier publiations [10, 11℄ reets the presene of two subsystems, one is treated
as lassial whereas another as purely quantum.
The simplest model assumes the degeneray of eletroni states and the degener-
ay of vibrational states within polyads. Among the possible physially interesting
orretions there are:
i) vibrational ouplings and anharmoniities whih result in splitting of degen-
eraies in vibrational polyads, but make no distintion between dierent eletroni
states;
ii) pure eletroni splitting, whih does not inuene the internal vibrational
polyad struture and an be present either (in the absene of symmetry) due to
initial splitting of aidentally quasi-degenerate eletroni states or produed by
symmetry breaking eets like external eletri or magneti elds;
iii) vibroni oupling between eletroni and vibrational states.
We will suppose that the purely vibrational oupling is not important, beause
it modies only the internal struture of energy bands. Two really dierent limit
ases are ii) and iii) above. They orrespond to situations with, on one hand, purely
eletroni splitting being large as ompared to vibroni oupling and on the other
hand with the vibroni oupling being the most essential. Naturally, this last ase
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orresponds to stritly degenerate (for example due to symmetry) eletroni states.
The simultaneous presene of a pure eletroni splitting and a vibroni oupling
will be desribed by an expliit model in the next setion, eq.(2). We will introdue
an external parameter λ = 0 → 1, whih will relate the two extreme situations ii)
and iii).
2.1 A matrix model
Let us desribe three eletroni states by the quantum Hilbert spae Helec = C3.
We suppose that vibroni (eletroni-vibrational) oupling is suiently small as
ompared to vibrational frequeny and an be taken into aount only through
interations between polyads with the same polyad quantum number N whih be-
long to dierent eletroni states. This means that the total Hilbert spae, we are
interested in, Htot = Hpolyad ⊗Helec has dimension 3N0.
The main eet of the oupling is to remove the degeneray of the triplets
of vibrational polyads. In the semi-quantum desription of Born-Oppenheimer
approximation, when the vibrational motion is treated lassially, and the eletroni
motion is still quantum, the oupling results in a slow preession of the orbits, that
is a slow motion of the representative point in CP 2. We will introdue the simplest
form of the oupling, in a way similar to the standard spin-orbit oupling S · L,
but now the oupling is hosen to be invariant with respet to the SU(3) symmetry
group. For that purpose, we extend the SU(3) symmetry of the three-dimensional
harmoni osillator (1) to the three eletroni states, supposing that the spae
Helec is the three-dimensional fundamental representation of SU(3), and that the
Hamiltonian Hˆ1 below is SU(3) invariant.
In the spirit of semi-quantum approah, a lassial Hamilton funtion is dened
on phase spae CP 2 with values in the spae of 3× 3 Hermitian matries:
(H1 ([Z]))i,j=1,2,3 = ZiZj/

 ∑
k=1,2,3
|Zk|2

 = (|Z 〉〈Z|)i,j .
The last expression shows that H1 ([Z]) an be interpreted geometrially as a pro-
jetor in Helec spae onto the one dimensional spae, a line, dened by the value
of [Z]. From this, the eigenvalues of H1 ([Z]) are ELine = 1, and EOrth = 0 with
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multipliity two. Orth is for the two dimensional spae orthogonal to the line.
Now we onsider the quantum operator Hˆ1 obtained from the matrix valued
funtion H1 by replaing Zk, Zk by operators ak, a
+
k respetively. We expet that
Hˆ1 has two dierent eigenvalues lose to ELine = 1, and EOrth = 0 (in the semi-
lassial limit N → ∞). From its invariane under the SU(3) group ation, the
eigenspaes of Hˆ1 are irreduible representations of this group with respetive di-
mensions NLine,NOrth. The eigenspaes of Hˆ1 are obtained by Young tableau
tehnis, see gure 1. The Weyl's formula gives
NLine = (N + 2) (N + 3) /2,
NOrth = N (N + 2) .
=
H Hpolyad electotH     = = Band "Orth"Band "Line"
Figure 1: Spetrum of Hˆ1 in terms of SU(3) representations.
The splitting of the whole system of 3(N + 1)(N + 2)/2 energy levels into two
bands is the result of the SU(3) symmetry of the model Hamiltonian Hˆ1. We an
now introdue the perturbation whih breaks the SU(3) symmetry, and analyses the
persistene of the two bands and the possible evolution of the band struture. In
order to see qualitative modiations of the band struture, we introdue an external
parameter λ and onstrut a one-parameter family of Hamiltonians Hλ, λ ∈ [0, 1],
whih relates the Hamiltonian H1 introdued above, with a Hamiltonian H0 whih
does not depend on [Z] (no vibroni oupling) but possess three non-degenerate
eletroni states:
Hλ ([Z]) = (1− λ)H0 + λH1 ([Z]) , (2)
with H0 = Diag (−1, 0, 1) .
For λ = 0, every eigenvalue E = −1, 0, 1 of the Hamiltonian Hˆ0 has multipliity
N0. As λ varies from 0 to 1, we get a redistribution of the energy levels from three
groups of levels towards two groups, as shown on gure 2(a).
The physial interpretation of the family of Hamiltonians (2) an be done for
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0N  =15
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(a)
E
1
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−1
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line
N   =21
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N     =24
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1 λ
Figure 2: (a) The exat spetrum of Hˆλ, for N = 4, with a transfer of ∆N =
N + 2 = 6 levels towards the upper group.
(b)The ontinuous bands spetrum in the Born-Oppenheimer approximation, inter-
preted as vetor bundles. The Atiyah-Singer formula (3) gives the number of levels
of a given band, say NLine, in terms of the topology of the vetor bundle VLine.
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both realizations mentioned above, the vibrational struture of the ombination
bands and the Jahn-Teller eet.
In the ase of vibrational ombination bands the Hˆ0 Hamiltonian orresponds to
the vibrational struture formed by overtones of triply degenerate harmoni osilla-
tor oupled with three lose but non-degenerate vibrational states with higher fre-
quenies. The Hˆ1 term introdues the interation between low and high frequeny
states. It beomes leading term as soon as the splitting between high frequeny
states goes to zero or equivalently as soon as the oupling between low and high
frequeny motion beomes more important than the high frequeny splitting. This
means, for example, that the formal parameter λ in Eq. (2) an be assoiated with
the polyad quantum number N whih is naturally responsible for the strength of
the interation between slow and fast subsystems.
For the Jahn-Teller F − f problem the Hamiltonian Hˆ1 appears in a natural
way as a diagonal in polyad quantum number eetive operator. At the same time
the Hˆ0 limit formally orresponds to the absene of the Jahn-Teller eet and even
to the absene of the three-fold degeneray whih is the origin of the Jahn-Teller
interations. To give again a physial signiane to the family of Hamiltonians (2),
one should introdue the reason of the splitting of eletroni states. This an be
formally done by adding some external magneti eld. In suh a ase, to approah
the Hˆ0 limit, the splitting aused by magneti eld should beome larger than the
splitting of vibrational polyads aused by pseudo Jahn-Teller interations, i.e. by
vibroni interations between dierent non-degenerate eletroni states. Similar
eet an be produed by any symmetry breaking eet whose inuene is muh
more important on eletroni subsystem than on vibrations.
2.2 Symmetry analysis of band deompositions
From the point of view of the Jahn-Teller dynami eet the most interesting
predition of our topologial analysis is the splitting of the whole multiplet of
3(N + 1)(N + 2)/2 vibroni states into two groups whih we will interpret later
as an elementary band Line and a topologially oupled band Orth., both with
non trivial topologial Chern lass. From the point of view of pratial applia-
tions of this statement to onrete moleules, the simple number of states is learly
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an insuient information in order to interpret the observed energy level pattern
formed by two dierent bands. A muh more detailed and useful desription of two
bands an be done by indiating the symmetry of all levels forming eah band. In
the ase of high symmetry moleules this information signiantly redues possible
misinterpretation of the band strutures in onrete examples. This is why, before
going to more general topologial haraterization, we look now at the problem of
the deomposition of the whole set of energy levels into dierent bands, from the
point of view of dierent symmetry groups.
The highest symmetry is the SU(3) symmetry whih is the dynami symmetry
group of the 3-D isotropi harmoni osillator (1). The atual invariane group of
the onrete moleular problem is a nite point symmetry group G (tetrahedral
G = Td or otahedral G = Oh for examples mentioned in this paper). The very
onvenient approximate intermediate symmetry group O(3) is quite useful to give
additional label for groups of levels. The lassiation based on the hain of group
SU(3)⊃ O(3) ⊃ G enables one to verify the presene of groups of levels whih an
be interpreted as bands.
In the ase of F2 − f2 Jahn-Teller eet (the oupling of triply degenerate ele-
troni state of F2 symmetry with vibrational polyads formed by triply degenerate
vibrations of the same symmetry for moleule with Td symmetry group) the splitting
into two bands assoiated with two irreduible representations of SU(3) dynamial
symmetry group is followed by further deomposition into irreduible representa-
tions of O(3) and Td groups. For low vibrational polyads this deomposition is given
in Table 1 through the deomposition of eah band into irreduible representations
of the symmetry group Td and intermediate O(3) symmetry group.
The deomposition into two bands with (N +2)(N +3)/2 and N(N +2) energy
levels is imposed by the approximate dynamial SU(3) symmetry whih beomes an
exat symmetry for the Hamiltonian (2) in the limit λ = 1. The important point
now is the justiation of the persistene of this deomposition found in the absene
of SU(3) symmetry, on the basis of topologial arguments.
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Table 1: Splitting of multiplets of vibrational polyads into two bands for weak
F2 − f2 Jahn-Teller problem. Energy levels forming eah band are listed by their
symmetry labels for polyads with N = 1, 2, 3, 4, 5. First sub-line gives for eah band
the deomposition into irreduible representations of Td symmetry group. Seond
sub-line gives similar deomposition in the ase of O(3) invariane group.
Band Degen N = 1 N = 2 N = 3
Line (N + 2)(N + 3)/2 A1, E, F2 A1, F1, 2F2 2A1, 2E,F1, 2F2
0g, 2g 1u, 3u 0g, 2g, 4g
Orth. N(N + 2) F1 E,F1, F2 A2, E, 2F1, 2F2
1g 1u, 2u 1g, 2g, 3g
N = 4 N = 5
A1, E, 2F1, 4F2 2A1, A2, 3E, 2F1, 4F2
1u, 3u, 5u 0g, 2g, 4g, 6g
A1, A2, 2E, 3F1, 3F2 A1, A2, 3E, 5F1, 4F2
1u, 2u, 3u, 4u 1g, 2g, 3g, 4g, 5g
3 Topologial interpretation
We now proeed to the interpretation of the redistribution phenomenon observed in
gure 2(a) within the Born-Oppenheimer approximation using the semi-quantum
model. The matrix Hλ ([Z]) has three eigenvalues E1 (λ, [Z]) ≤ E2 (λ, [Z]) ≤
E3 (λ, [Z]) forming three bands when [Z] ∈ CP 2 varies, see gure 2(b). The vi-
brational motion is now treated lassially, and so the ne struture of gure 2(a)
(due to quantization of the vibrations), has been replaed by a ontinuous distribu-
tion of energies. Degeneraies between onseutive bands our for ertain values
of (λ, [Z]). Between bands 2 and 3, there is a degeneray surfae in the range
1/2 < λ < 2/3 1 . For a xed value of λ, the assoiated eigenspaes of the eigenval-
ues E1, E2, E3 also depend on [Z] and therefore dene vetor bundles
2
over CP 2.
The rank r of the bundle is the dimension of these eigenspaes.
The topology of a general vetor bundle F over CP 2 is haraterized by its
rank r and a polynomial C(F ) = 1 + Ax +Bx2, alled the total Chern lass, with
integer oeients A,B ∈ Z, see [24℄ p.300. A rank r = 1 bundle has neessarily
B = 0. The Chern lass of the sum V ⊕ V ′ of two vetor bundles is the produt of
polynomials C(V ⊕ V ′) = C(V ) ∧ C(V ′), keeping only terms of degree not greater
1
For a general family of Hermitian matries, degeneraies our with three external parameters;
this is the Wigner-Von Neumann theorem, see [23℄, 79. Here, with the ve external parameters
(λ, [Z]), degeneraies are expeted to hold on two-dimensional surfaes. The degeneray surfae
between bands 2 and 3 is a homologially non trivial sphere S2 in R× CP 2.
2
A vetor bundle F over a spae P is a family of vetor spae F (p) whih depend ontinuously
on a parameter p ∈ P . In the Born-Oppenheimer approximation, vetor bundles appear naturally:
the vetor spae is spanned by the stationary state(s) of the fast motion, whih depends on the
slow lassial state p ∈ P in phase spae. The topology of a vetor bundle reets the twists
among the spae F (p) as p is varied. A vetor bundle with no topology (no twist) is alled trivial.
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than 2.
For λ < 1/2, on gure 2(b), there are three distint bands, and so three asso-
iated vetor bundles of rank r = 1, noted T1, T2, T3. These bundles are trivial in
the sense that for λ = 0 the eigenspaes do not depend on [Z], and by ontinuity
the topology is also trivial for any λ < 1/2. The Chern lasses are C(Ti) = 1, with
A = B = 0.
For 1/2 < λ < 2/3, there are degeneray surfaes, and the three previous bundles
T1, T2, T3 interat together and form a vetor bundle T = T1 ⊕ T2 ⊕ T3 of rank 3.
This is exatly the vetor spae Helec = C3 whih does not depend on [Z], so T is
also trivial, this onrms that C(T ) = 1.
For 2/3 < λ < 1, the previous bundle T deomposes into two bundles T =
VLine⊕VOrth. The upper energy band orresponds to a rank 1 vetor bundle VLine.
By ontinuity, its topology an be omputed at λ = 1, and orresponds to the well
known non trivial anonial bundle over CP 2 with C(VLine) = 1 + x, see [24℄. The
lower band orresponds to the orthogonal bundle VOrth. This is a non trivial bundle
of rank r = 2, with C(VOrth) = 1−x+x2, beause 1 = C (T ) = C(VLine)∧C(VOrth).
The vetor bundle VOrth annot be deomposed into two rank 1 bundles just beause
its Chern lass an not be fatorized, 1 − x + x2 6= (1 + Ax) ∧ (1 +A′x) with
integers A,A′. Therefore we obtain that VOrth is omposed of two bands whih are
topologially oupled : a ontinuous perturbation annot reate a gap in it. To be
deoupled, they would need a topologial interation with an external third band.
This interesting phenomenon seems to be new in moleular physis.
3.1 Number of energy levels in band and index theorem
The relation between the topology of a vetor bundle F dened in the Born-
Oppenheimer approximation, and the number of levels in the exat energy spetrum
is given by the remarkable index formula of Atiyah-Singer ([24℄ p.330), whih, in
the ase of the moleular model studied in this paper, reads as follows:
N (F ) = [Ch (F ) ∧ Ch (Polyad) ∧ Todd (CP 2)]
/x2
, (3)
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where Ch(F ) = r + Ax + 1
2
(
A2 − 2B)x2 is the Chern harater for the topology
of the vetor bundle F . Ch (Polyad) = exp (Nx) haraterizes the quantization of
the polyad spae
3
, and Todd
(
CP 2
)
= 1+ 3
2
x+ x2 is related to the topology of the
phase spae CP 2. To make alulation using the right hand side of the formula (3),
one has to multiply the three polynomials, and keep the oeient of the term x2.
This gives
N (F ) = r
2
N2 +
[
3r
2
+A
]
N +
[
r +
3A
2
+
A2
2
−B
]
.
It is easy to hek that this formula gives the values of NLine and NOrth omputed
before. The Young tableau mahinery was possible at λ = 1 thanks to a speial
symmetry. Here the index formula with its topologial nature is muh more general
and is valid for any values of λ. The topology modiation is related to the level
exhange: in the interval 1/2 < λ < 2/3 there is a transfer of ∆N = NLine −N0 =
N + 2 levels to the upper group, through the degeneray surfae4.
It is useful to note here that the number of quantum states for any band dened
in the lassial limit over CP 2 is a quadrati funtion of the polyad quantum number
N . The oeients of this quadrati polynomial give information about the total
Chern lass and therefore the topology of the ber bundle. In the ompletely
lassial model, when both slow and fast dynamial variables are treated through
lassial mehanis, a similar relation between the volume of the redued lassial
phase spae and Chern lasses was established by Duistermaat and Hekman [26℄.
In omparison with the ro-vibrational model desribed on a S2 phase spae of
dimension 2 [12℄, this model is muh more rih due to the dimension 4 of the phase
spae CP 2. The new phenomenon onsists in a formation of the degeneray surfae
together with the transition of a whole group of levels, instead of formation of
isolated degeneray points with transition of one level through eah of them, for the
ase of S2 phase spae. The band topology is desribed by two integers (rst and
seond Chern lasses) whih play the role of the topologial quantum numbers for
3
To be preise, Ch (Polyad) = exp (Nx) is the Chern Charater of a holomorphi line bundle
whih enters in the geometri quantization desription of the spae Hpolyad. See [25℄ hap.8.
4
The value ∆N = (N + 1)+1 an be interpreted as (N + 1) quantized states of the degeneray
sphere plus an extra level due to the topology of the degeneray bundle.
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energy bands. Topologially oupled energy bands (i.e. non deomposable vetor
bundles), appear for problems with four-dimensional CP 2 phase spae, whereas for
S2 phase spae one needs only a single Chern index to haraterize the oupling
with fast quantum subsystem, and onsequently every elementary band has rank 1.
It should be noted that the oupling of a slow lassial subsystem with at least
three eletroni quantum states is a neessary ondition to see the formation of
topologially non trivial bands from initially isolated trivial bands. In the above
model, two isolated trivial bands an not be transformed into non-trivial bands for
topologial reasons [27℄. This is just beause the Chern lass of a trivial rank 2
bundle over CP 2 is C(T ) = 1, and the deomposition into two rank one bundles
T = F1 ⊕F2 gives the fatorization C(C2) = 1 = (1+A1x)(1 +A2x) whih implies
that A1 = A2 = 0, and that F1 and F2 are trivial bundles. This onstraint does not
exist in the ase of vetor bundles over sphere S2, where the Chern lass is just a
degree one polynomials (one just has then A1 = −A2).
This preedent remark does not mean that two isolated trivial bands annot
beome oupled due to vibroni interation: the formation of degeneray surfaes
between two bands is naturally possible.
4 Conlusions
The model presented in this paper an be adapted to dierent situations in moleu-
lar physis where the slow motion phase spae an be S2,CP 2,CP 3, . . . and produts
of them, depending of the relevant degrees of freedom, whih an be rotational,
vibrational, or eletroni. As a onrete moleular objet whih ts well the as-
sumptions made by the present model, we an mention the ro-vibroni struture of
Jahn-Teller moleule V(CO)6 [22℄. This onrete example needs a slight extension
to the model with a CP 2×S2 slow phase spae oupled with three quantum states,
and is espeially interesting for further analysis.
Our approah an also be used in other areas of physis where Born-Oppenheimer
approximation is relevant and where the slow subsystem an be onsidered as las-
sial and oupled to several quantum states.
>From the mathematial point of view we have shown a onrete manifesta-
tion of Atiyah-Singer's index formula in moleular physis. This gives new eld of
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appliations to the index formula. Up to now it was mainly related to quantum
hromodynamis with the topology of instantons and gluon elds, but for dierent
reasons ([24℄ p.355). The topology of bands are also known to have an importane
in solid state physis for the integer quantum Hall eet [28, 29℄. Moleular systems
supply a lot of new examples where the qualitative and quantitative preditions of
Atiyah-Singer's index formula an be unambiguously tested and veried with high
auray experimental measurements and numerial alulations.
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